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1 Introduction

The purpose of this work is provide cuvatures (kg, k3) formula for implicit curves in (n)-dimension, that
is, to curves generated by the intersection of (n — 1) implicit equation: Fj (z1,...,z,) = 0N ... N
Fin_1) (71,...,2,) = 0. Initially, the motivation of this paper was an open problem, proposed by R.
Goldman. In his paper, he proposed the following open problem: Problem 1: Derive closed formulas for
higher curvatures for implicit curves in (n + 1)-dimensions. While differential geometry of a parametric
curve in R? can be found in textbooks such as in (Struik, 1950; Wilmore, 1959; Stoker, 1969; Spivak,
1975; do Carmo, 1976), differential geometry of a parametric curve in R™ can be found in textbook
such as in (Klingenberg, 1978), there is little literature on differential geometry of intersection curves
in R? and, rarely, in R* and R™. Willmore (1959) describes how to obtain the curvature k and the
torsion 7 of the intersection curve of two implicit surfaces in R3. Hartmann (1996) provides formulas for
computing the curvature k of the intersection curves for all three types of intersection problems in R3,
using the implicit function theorem. Ye and Maekawa (1999) provides k, 7, using the vector «” as linear
combination of the normal vectors of the surfaces and o/’ as linear combination of the tangent vector
and normal vectors of the surfaces. Goldman (2005) provides formulas for computing the curvature k
and torsion 7 of intersection curve of two implicit surfaces in R3 and curvature one (k) of intersection
curve in (n)-dimensions. Aléssio in (2006) provides formulas for computing the curvature & and torsion
7 of the intersection curves of two implicit surface in R?, using the implicit function theorem. Aléssio
in (2009) provides formulas for computing the curvature ki, ko, k3 of the intersection curves of two
implicit surface in R*, using the implicit function theorem and generalizing the method of X. Ye and
T. Maekawa for 4-dimension. In this work, we derive curvatures ko and k3 for implicit curves in (n)-

using outer product for obtain (k2, k3) .

2 Review the of Differential Geometry and Outer Product

Where A is outer product of the three and four vectors in (n) —dimensional, X is cross product of the
(n — 1) vectors in (n) —dimensional and * product between matrices.
The extension of the cross product (<) to n-dimensions that generates a vector perpendicular to a

collection of n — 1 vectors is given by a determinant. Let e = (eq, €2, - - , €, ) be the canonical basis for
R"™. Then
e €1 €2 te €En
OF OF" OF
VF R
VFy X ..xVF,_1 = Det . = Det . . .
: OFn_1  OFp_ OFn_1
Vin d1 923 T Own
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The outer product (A) of the r vectors in n—dimensional

Let (e1, ..., ;) be an orthonormal basis. If u; = Y ale;, ..., u, = > ale;, the outer product of
- .

3
r-vectors is u1 A ... Au, = > det(a’)e; where ej=ejp N ANej, =1, 0 1< <o <
J

a{l a%l af,l
) J_ a? o . a2 | )
Jr < (n). Then a ) S ~ | is the matrix r X r.
a{r oa%”‘ ceooadr

2.0.1 The Local Theory of Curves Parametrized Arbitrary.

Definition 1 Let 5 : (a,b) — R™ be a regular curve, and let a : (c¢,d) — R™ be a unit-speed
parametrization of . Write 3(t) = «(s(t)) ( where s(t) is just the arc length function). Denote by
ki, i =1,2,3,...,n the curvatures. Also, let {by, ..., b, } be the Frenet frame field of o and {Bl, e Bn}
be the Frenet frame field of 3. Then we define

ki(t)=ki(s(t)),i=1,...,n and b;(t)=0b;(s(t)),i=1,..,n.

Definition 2 Let 3 : (a,b) — R™ be a regular curve whit speed v (t) H Bt H 5(t) and let
a : (e,d) — R"™ be a unit-speed parametrization of 3. Write 3 (t) = « (s (t)) where s(t) is just
the arc length function. Then, the Frenet formulas of 3 are:

d _

a(gi(t))z—v()ff(z 1) (6)bi1 (1) +v () Fi () biya (1),

where Ky = K, = 0, by = b,, 11 = 0.

The following properties characterize some special curves:
%i(t)=0,i € {l,--- ,n— 1} if and only if 3 is lying in a i—dimensional subspace of R**!.

Lemma 1 The vectors ﬂ , ﬂ B and ﬂ of a regular curve (8 are given by

B(t) = vb (1) (1)

Be) = By () + v (0B 1) @

50 - (G - R 0) B0+ (3 5m 0+ B B0+ R OROB0 O
B(t) = aia (1) by () + aga (1) ba () + aza () by (t) + v*ky (t) ka () k3 (1) ba (1), )

where v denotes the speed of (3.

2.1 Implicit Surface

Definition 3 (Implicit Surface) Let f : D C R” — R be a differentiable mapping of an open set D.
Given ¢ € R, we remember that the level set c of the f is the set defined as

fYe) = {(z1,..,xn) € D; f (21, .0y Tn) = ¢}, ice., f71(c) is the set of the solutions in D of the
equations f (x1,...,Ty) = c.

Proposition 1 [Regular Surfaces] If f : U C R™ — R is a differentiable function and ¢ € f(U)
is a regular value of f, then f~1(c) is a regular surface in R™. The implicit surface f is regular if

Vf (81:1 9 8:(: ) 7& 0.
Definition 4 Transversal Intersection Curve Three regular surfaces Sy = Fi ' (¢), So = Fy ' (¢) , ...,

Stn-1) = Fnjl (c) intersect each other transversally if, whenever p € S1N SQ N...NSp_1, then NTi(p),
N*2(p), ..., NFn=1(p) are not parallel, i.e., linearly independent.
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3 Curves in Surface

Consider an implicit surface represented by F, Fy, ..., F,,—1 : R" — R. A curve x1 = x1 (1), 22 =
xa(t), ..., x, = x,(t), in the n-dimensional space, defines a implicit curve
B(t) = {(x1 (t),...,zn(t) | F1(B(t))=0N..NF,—1(8(t)) =0} on (n)-dimesional space. Then,

we have B(t)=VF % ... x VE,_, (5)
B(t)=(VF, X .. x VE,_1)«V(VF, x ... x VF,_1), (6)
Bt)=T +«V (T*)«V (T*)+ T« V (V(T*)) « (T*)", (7)
B(t)=B() =V (T*) +33(t)* V(V(T") % (T*)" + (T*) = [T* « V (V(V(T")] = (T*)" ¥
where 37 (z) = [ i1 i o |, B (@)= [ F i ],
Vi=1fo fo fen ]y T*=VF X .. xVF = (11, Ty, -, T1)-

*

Here V (7) means apply V to each element of the vector 7™ to generate a column, V7 (T7;)

1k =
(TT) s, (Tt),, (Ti%) s, (Thn)g,
(TII.C)zz i then v (T*) _ (T1?)12 (T1I.c)12 (TI’I.I)IQ :
(T),,, (T11),, (T7%).,, (T10),,
and V (V (T™*)) means apply V to each column vector of the matrix V (7*) to generate a matrix,
(T1%) o, V(1) 4, (T7%)srer Tie)ayzn 0 (TTh)aya,
Hy =V (VT (Tl*k)) =V (le)12 v (le)xz (T1k LPES] (le)wzz o (T T2Tn
(T1h) ., v ((Tl*k) ) (T'%) ey, (Tih) s (T7%) 4,
then V (V (T*)) = [ Hu Hig Hy, |,is 1 x n matrices,

and V (V (V (T))) means apply V to each element Hyj, (matrix) of the matrix V (V (7)) , to generate

(Hik),,
(Hik),, )
acolumn Ji, = V7T (Hyy) = ) ,of n x 1 matrices, then
(Hik),,
(H11),, (Hik),, (Hin),,
(H1),, (Hik),, (Hin),,
V(V(V(T"))) = [ Ju1 Jik Jin ] = . . . ,ism X n ma-
(Hll)xn (Hlk)xn (Hln)xn

trices.
Proof. To be simpler the calculations, we go to make for the case of the curve 3 : I — R3. The Eq.
( 6) is a consequence

B =4 (Bw)

) B(t) = & (VF1L x VF)
B(t) =L (VF1) x VF2 + VF| x & (VFy)
B(t) = ((a’ )T HFl) X VFy + VF; X ((a’ ()T HF2)
T 2 T 2 T 2 T 2
) 5 17 Fﬂiszgs Fqsleﬂ;z Fﬂiwngz Fﬂfiszy
5
p(t) = ;1*2 Fﬂizfz ng Fﬂiaw F? Fﬂi112 F? Fﬂiwz FT2'1 +
13 Flpag Py~ Figng 2 Fiyag P2y~ P
T, T FogFogay = FagFagay Foy Fogwy = FapFayay
T 72 pi T 2 T“ 72
;1:2 F§2F§3w2 13F12'2w2 F€1F22”2 Fﬁszéwz
T ) 131 pi FQFTWS ; ISFTQI% leF:fgm ; L2Ff”32 T pi T 2
. T]II T F€2z1F§3+F€2F12311 F€3$1F$22 Fﬂ;sFﬂgzﬁ F§1w1F§2+F€1F§211 F$1211F121 Fﬁizpmz'lfl
B(t) = ?*2 F'ﬁzsz'gs +F€2F§312 F€3$2FI22 F€3F§2$2 Fﬂilwzpﬂéz +F€1F'§212 lezrzpzl le‘zplz‘ﬂz
13 FzzmgFmg FzQFzg;tS Fz3a:3Fa:2 — mSFQOS Fm1m3F:z, FxlFmng szzgpzl — FmQlezg
T o2 1 2 T 2 T 2 T 2 T 2
T T (FZ2 Fag = F13F12)Il - (le Fag = FrsFrl)Il (le Foo = Fay FI1)11
P 11 (12712) 7(12712) (12712)
B(t)f[ ;]*2 FoyFag = FogFa, FoiFag = FogFay - FoiFag = FoyFay -
13 1T 2 _ pl g2 _ (gl p2 _ gl p2 T p2 _ pl g2
(Fl‘zFl's Fl'aFl'z)zB (Fl'lFl's Fm3Fm1)m3 (Fl'lFl'z Fm2le>mS
Tile, | Tide, | Thalas
Boy=[1h T Th ]| (The, | Th)e, | (T,
3 = =
(T as | T) e, | (Ti8) 4y

B(t) = (VFL X VF2) * V (VF1 X VF2)
B(t)=T* %V (T*)
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The & (T*) = T* * V (T*) is valid for T* = VF; x ... x VF,_;.
We have &4 [V (T*)] = V (V (T*)) % (T*)"and & [V (V (T*))] = T* = V (V (V (T"))).
The Eq. ( 7) is a consequence of

o Bw=4r
G(t) = (T%) « V (T*) « ¥ (T*) + (T*) # V (V (T*)) * (T*)"
[0)

B ()= 4[5 0]
ﬁ(tZ%[(T*)*V(T*)*V(T*) () %V (V (1) (1)
B(t) = 4 [(T7) « V(T V(T + & [(T%) + V (V. (7)) + (1)

B(t)=06(t)«V(T*) +30 () =V (V(T)) . (T*)" + (T*) % [T % V (V (V (T)))] + (T%)"

3.1 Curvature Formulas

Outer Product

Theorem 1 (Goldman) First Curvature of n-1 implicit hypersurfaces

T A [T %V (T4)]]
- ©))
' |7

Proof. The outer product of 3(t) A 3(t)is
Bt A B() = v*ki (2) (b1 (1) ADa (1))
|36y n B = le*k @) (Br () AB2 (1) ]
= o3k () b1 (£) A2 (1),

[T AT+ V (TH)]]

then k1 = HT*H3

Theorem 2 Second Curvature of n-1 implicit hypersurfaces

T* AT %V (TH) A [T %V (T%) % V (T%) + T* % V (V (T%)) = (T*)T} H

ko = .
17| k2

(10)

Proof. The outer product of 3(t) A B(t)AB(t) is
BE) A B(0) A () = 02 (8) ko () (B () A B (8) A B (1)
|8 A Bt n e H—Hvk%t 2 (t) (B (1) Ao (1) A B (1) |
0Okt (t) k2 (t) |1 (t) Aba (t) Abs ()],

T* AT* %V (T*)] A [T* £V (T*) % V (T%) + T* « V (V (T%)) * (T*) } H

e = R
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Theorem 3 Third Curvature of n-1 implicit hypersurfaces

T A [T* %V (T*)] A [T* £V (T*) % V (T*) + T* % V (V (T%)) = (T*)T] A'B(t)H

-

(11)
71" k5 (2) k3 (¢)
Proof. The outer product of 3(t) A B(t)AB(t)A B (¢)is
B(t) ABE) A B(t) A B (t) =0 kS () k2 (t) ks (t) (b1 (t) A () Az () A by (1))
|36) n By 7 B A B @) = (10K (1) K3 () ks (8) (B (8) A B (8) A By (8) A B (1)
= v'%k3 (t) k3 (t) k3 (t) || b1 (£) A2 () A () Ay (1)

T* A [T V (T*)] A [T* £V (T*) %V (T*) + T* % V (V (T*)) * (T*)T} A 'B'(t)H

Then k3 = ‘
’ 1T+ k3 (1) k2 (¢)

4 Examples (The intersection F} N 5 N F5 N Fy is Helix in R?)

Example 1 The implicit surface Fy ,Fy, F5 and Fy are given by ,
Fi(x,y,z,w,u) = u,
Fz,y, z,w,u

( )=
Fs(x,y, z,w, u)—ﬂs +y? — 2
( )

w—Uu—a

Fy(x,y, z,w,u —y—xtan<z>.

The point of the intersection curve is pg = (a‘[ a‘{, b%,0,0) € St st 0 §Fs 0 §F. We have

2

VF; =(0,0,0,0,1), VF, =(0,0,0,1,0), VF; = (a 2,av/2,0, -1, 71) and VF, = (1, 1, - \bf 0, O)
Compute 3 (1) (1) (1
Compute [ ()

5 =VF| x VF; x VF3 x VF; where X is cross product.

. 9 2 9 2
ﬂ = <Za _%a —2\/5@,0,0) )
Compute 3 ()
B =T*+VT* where T* = (T'11,T12,7T13,714,T15)
T11, T12, T13, T14, T15, 2V2a _4v2e 9 g 0
T11, T12, T13, T14, T15, 2v2 0 -2 0 0
V(T*)=| Ti1. TI12. TI3, T14z T15. | =| a2 _ae? LN
T11l, T12, T13, Tl4, T15, 0 0 0 0 0
T11, T12, T13, T14, T15, 0 0 0 0 0
B o 2 00
; ) ) W2 g -2 0 0
ﬁ:T**VT*:( 200 200 954 0 0 ) a2 a2 g
b b 0 0 0 00
0 0 0 0 0

P 8v/2a>
ﬂ_( b2 aOa b 3070>

Compute 3 (t)
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,0,0).

2a3
b2

0’_64

p3

96a*

],thenﬁ(t)(

00 0 0 O
00 0 0 O
00 0 0 O
00 0 0 O
00 0 0 O

Compute 3 (t)
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).0,0).

128(12a%+11a%b?
b5

128+/24°
b2 s

)

b4

3841/2a5
Compute Curvatures k; (t), ko (t) and ks (¢)

Compute for using outer product

B (1) = (



Compute k1 (t)

. . 2
a]l a]l 2 3 2
fus Al = [Sdet(al)2 = \| 3| L Y% | = Il el? - (w0
J Ji1<je | @1 Oy
where {1 < j; <--- < jp <. <5}
T AT VI
o I
Compute ks (1)
. . 2
J1 J1 J1
@ 4 a3
lur Nug Aug|| = [ det(a?)2= | 35 | o of of |,
J J1<j2<Js o ol a?f’

where {1 < j; <--- < jp <--- < j3 <5}

|BeynseynBo|
ko = =

vOk3 Ta4p?

Compute k3 (1)
There A is outer product of the four vectors in (5) —dimensional is the same x is cross product of the
four vectors in (5) —dimensional.

_HmwAmwABmAéwH_Hm@xmwxﬁwxéuw

=0
171" K (1) 3 (1) 171" K2 () k3 (1)
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