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Abstract

In this work we consider Newton-Krylov meth-
ods with a line search for solving a non-linear
system F(z) = 0. We introduce a new strat-
egy for improving the Newton-GMRES method
where some descent directions provided by
GMRES process are used to determine a new
line search. This new method does not re-
quire a modified Krylov procedure and is con-
sistent with preconditioning and with matrix-
free implementation. Numerical tests show
an improvement relative to the usual Newton-

GMRES algorithm.

Keywords. inexact Newton method, nonlin-
ear systems, Krylov subspace methods, GM-
RES, backtracking.
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1 Introduction

Let {z)} be the iterate sequence of an inexact
Newton method [7] for solving

F(z) =0, z €D

(1)
where D C IR"™ is an open and convex set and
F € 0" (D, IR™). We have z1 = z;+5s; where
sk are approximate solutions for the linear sys-

tem

J(zg)s = —F(zy)
satisfying the stopping criterion
[T (zk)s + F(zp)ll < nell F(ze)ll. - (3)

Here J(x) represents the Jacobian matrix for
F at zj, and the tolerance 7 € (0,1] is called
the forcing term [7].

(2)

*This work was supported by FAPESP (Grants 2001-
04597-4, 2001-07987-8), CNPq (Grants 140710/99-0,
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The forcing term has a crucial role in control-
ling the convergence rate. Several choices for
Nk have been proposed (see [12] and [14]). The
local convergence analysis for inexact Newton
methods shows that if xy is sufficiently close
to a solution z, of (1) and the sequence 7y is
uniformly bounded away from one, then the se-
quence {z} converges to z. [7].

It is usual to use the Generalized Minimum
Residual method (GMRES) [23], for solving
(2), which belongs to the family of Newton-
Krylov method [6]. A modified version called
GMRES(m), or restarted GMRES, is used in
large scale problems. Whereas the restart pol-
icy is computationally more feasible, conver-
gence cannot be guaranteed in general, and
stagnation becomes possible [15], [17], [24],
[25], [26] and [28].

The Krylov method requires only the action
of the Jacobian J on a vector v. Moreover, for
an appropriately chosen scalar e this action can
be approximated by finite differences [4]

J(2)o ~ > [F(z + ev) — F(o)]

€

(4)

giving rise to what is known as the matrix-free
formalism.

Line search procedures or trust region tech-
niques are used in inexact Newton methods in
order to enhance convergence from an arbitrary
starting point, see [6], [11], [12], [18], [22], [14].
We follow the line search proposed in [1] and
[9] which is a non-monotone strategy similar to
the one introduced by Li and Fukushima [13].

In this work we propose a safeguard that
modifies the Newton-Krylov line search when
a sharp increase in the norm of F' is detected.
The modification is restricted to the first few
iterations, and thus enjoys the same global con-
vergence and robustness properties of the un-
modified algorithm. The modified algorithm is
also consistent with preconditioning and with
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matrix-free implementation.

The main advantage of the proposed modifi-
cation lies in its simplicity and wide application
(for example, GMRES can easily be replaced
by other linear solvers that give a descent di-
rection). At the same time, it appears that
the modified algorithm offers considerable re-
duction in number of iteration and CPU time
count for some classes of problems.

In Section 2 we briefly review the Newton-
GMRES algorithm and the inexact Newton
method with line search. In Section 3 we
present the modified line search and in Sec-
tion 4 we discuss the implementation of the
resulting modified Newton—-Krylov method. In
Section 4 we also test its performance on two
problems from [19] and a set of boundary value
problems, showing considerable improvement
in some of them, using the performance profile
analysis of Dolan and Moré [10]. Concluding
remarks are given in Subsection 4.3.

2 Preliminaries

2.1 Newton-GMRES

The GMRES method was proposed in [23] for
solving linear systems As = b, where A is a
nonsingular n x n matrix (not necessarily sym-
metric) and b € IR™. If sg is the initial approx-
imation for the solution and r¢ = b — Asg is
the corresponding residual vector, the GMRES
Krylov subspace after m iterations will be:
’Cm: [7’0 ,A’I’O ,A2T‘0 ,...,AmilT‘g]. (5)

At the mth GMRES iteration a vector
Sm € 8o + K, is calculated so as to min-
imize the residual vector, Tm =
ming e o+, ||[b— As||. In what follows we shall
exclusively use the 2-norm. When GMRES is
used as a linear solver for the Newton method
(1), (2), the resulting method is called Newton-
GMRES

We shall henceforth, distinguish between in-
ner iterations (within the GMRES cycle), de-
noted by the superscript m, and outer itera-
tions of the Newton algorithm, denoted by the
subscript k. At each inner iteration, s solves
the least-squares problem

namely,

min

nin |[J(zk)s + F(z)]-
Sesk+Km

(6)

The solution of 6, s, is used to form the New-
ton iterate x4 = xx + si. A modified version
called GMRES(m) is used in large scale prob-
In this version, the GMRES proceeds
in cycles of m iterations, see [18], [23]. The
final vector s, for one cycle is used as the ini-
tial vector sg for the next cycle; in parallel,
Tm = b — As,, 1s used as initial residue. At
each cycle an m—dimensional Krylov subspace
is generated from the initial residue, following
the usual GMRES procedure.

lems.

2.2 Line search

Line search or trust region techniques are often
used to obtain global properties for Newton’s
method, [8]. d € IR" is called a descent direc-
tion of f(xy) if f(xp +&d) < f(xy) for £ > 0
small enough. If f is differentiable, this occurs
when Vf(zz)Td < 0. It is known that d is a
descent direction for f(z) = || F(z)|?/2 if the
inequality ||J(zg)d + F(zg)| < ||F(zk)]| is sat-
isfied (Proposition 3.3 of [6]).

In the case of inexact Newton’s method, we
conclude from (3) and Algorithm 1 that each
outer iterate sy is a descent direction for f, even
if the corresponding residue violates ||r}*| <
el F ().

The step length £ is typically chosen by back-
tracking, starting with £ = 1 and repeatedly
decreasing £ until f is sufficiently small [8], [11].
Several backtracking methods were formulated
for improving convergence of inexact Newton
methods from arbitrary starting points, see [5],
[6], [11]. Monotone strategies may incur an in-
crease in the function evaluation count due to
repeated backtracking, as we indeed found in
numerical tests. We preferred to choose a non-
monotone line search, due to its increased toler-
ance during the first iterations. The line search
condition proposed by Birgin, Kreji¢ and Mar-
tinez [1], is adopted here, replaced by

[1F(zk + Esi)ll < (1= o) || F(zp)ll + px,  (7)

where the sequence {u} is such that pp > 0
for all kK = 0,1,2,... and > 2ok = 1 < 00,
o€ (0,1) and £ < 1.

Algorithm 1 describes the inexact Newton
algorithm with non-monotone line search
which we used. Let zg € IR™ be an arbitrary
initial guess. Given z;, € IR", and the tolerance
e > 0, 41 is calculated as follows:
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Algorithm 1. ( Newton-GMRES method
with non-monotone line search):

While || F'(zy)|| > €, perform steps 1 to 5:
Step 1: Choose 7.
Step 2: Find s such that

|1 F(z) + I (z)skll < nill F (@) |l
Step 3: compute Zgyy = T + S and F(Tgyy).
Step 4: (backtracking loop) Take £ = 1,
while || F(waue) | > [1 — £0lllF(zi) | + ur.
perform the steps 4.1 and 4.2:
step 4.1: compute &new € [Ominés Omazé];

step 4.2: set ¢ = &uew and compute
Taur = Tk + &Sk
Step 5: Take & = ¢,  compute

Trr1 = Tk + ExSk and update k.

The constants g,,,;, and g4, are such that 0 <
Omin < Omaz < 1.

3 A new descent direction.

We wish to modify Algorithm 1 by a safe-
guard which activates a change in the descent
direction s; when a large increase in f is
detected. The number of activations is limited,
for two reasons: avoiding loss of convergence or
robustness; and the empirical fact that a large
increase in f typically occurs only in the first
few outer iterations. The modified algorithm
and direction will be denoted by NDNG (New
Direction for Newton-GMRES) and s,. We
make s, dependent on two parameters: the
norm ratio ||F'(zauz)||/||F (k)| and the GMRES
computational cost.

Ignoring, for the time being, the specific
form of the new descent direction, the kth
nonlinear step in the modified algorithm is
described by Algorithm 2.

Algorithm 2. (General formulation):
Let g, € > 0, L > 0.
While | F(zy)|| > €, perform steps 1 to 4:

Step 1: Choose 7.

Step 2: Find s; such that (3) is satisfied
Step 3: compute Ty, = T) + S and F(Zgyy).
Step 4: if |[F(zqus)ll > LI[F(xx)ll, change sy
by sp.

Apply the backtracking loop (Step 4,
Algorithm 1).
Step 5: Update zy.

3.1 Describing the descent direction

As seen in Section 2, line search procedures
are based on descent directions for a merit
function f whose global minimum is a zero
of F; often, f = ||F||?/2 is used. Let z; be
the current iteration of the Newton-GMRES
method. The first restart-GMRES cycle (Step
2 of Algorithm 1) starts with s) = 0. In [2]
(beginning of section 3.1 there) it is proved that
it is possible to extract several descent direc-
tions from the GMRES process, for the func-
tion f at xy, without additional cost. This
equality is satisfied:

Vi(ar) o = (=I1F (zp)ll2) by

where hy; is the (1,5) element of the Hessen-
berg matrix H,, and v; is the jth row vector of
the matrix V,,, : n x m,. Besides ||F(zk)|l2 > 0
then a vector v;, j =1,...,[, column vector of
matrix Vi, will be a descent direction for f at
xy if hlj > 0.

The general idea of our proposal is to con-
sider, besides s;, an alternative direction, sq,
available through the GMRES process, and
then choose s, = (1—f)si+ 354, a convex com-
bination, as the new direction. It is required
that s4 (hence also s,) be also a descent direc-
tion. For the first cycle of GMRES, ro = F(zo).
A reasonable candidate would be a column v;
of the matrix V,,, provided the (1,7) entry in
the matrix H,, is strictly positive. We shall
choose as sg the first column of this type. We
choice j from j =m,m —1,..., 1.

Meanwhile, we want to choose § as depen-
dent on the inner iterations count as well
as the rate of increase of ||F'||. To under-
stand better this dependence, look at Figure
1. Assuming the norm increase ||F(zgyz)| >
|F(xk)|, we get a triangle with height a; =
log | F(zaue )|l — log || F(zg)]| > 0 and base
by = max{log(itering),1}. Here, iteriny is the
cumulative number of inner iterations since the
onset of the GMRES cycle of the kth iteration
of Algorithm 1. It is reasonable to consider
0 as a function of the angle & in this trian-
gle. When &, ~ /2, indicating a large in-
crease in ||F|| and fewer iterations, the weight
B should favor s;. The function sin(&y), where

sin(&) = ag/\/ai + b2, is consistent with this
objective.
Actually, we prefer to work with 8 =
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Figure 1: Geometric motivation

sin?(&;), in order to avoid unnecessary root cal-
culations and based on empirical performance
data. Thus, s, and x4, will be defined as

sp = (1 — sin®(&))sk + sin®(&k)sq,  (8)
where zguy = 2 + s, and g € (0, 1). As
mentioned, sp is a descent direction for f at xj
as long as s and sy are. For avoid a shortly
coefficient for s, when ay /by > 2, we change ay
by 0.2a.

We denote by Algorithm NDNG the version
of Algorithm 2 amended by the modification
(8) whenever an increase is detected in the
norm of F'. For maintain convergence proper-
ties, this modification is used a finite times.
Then, the new version for the algorithm 2 is:

Algorithm 3.

in algorithm 2):
Let 2z, e > 0, L1 >1, Lo>0, C=0.
While ||F'(zy)|| > €, perform steps 1 to 4:

NDNG (New descent direcction

Step 1: Choose 7.

Step 2: Find s; such that (3) is satisfied
Step 3: compute Zgyy = T + S and F(Zgyg)-
Step 4: ifW > L1 and C < Lo,

step 4.1: s, = s from (8).

step 4.2: C=C+1.

step 4.3: Apply the backtracking
loop (Step 4, algorithm 1).
Step 5: Update zy.
Where L; show so bat is the ||F(zquz)| and
Ly is an integer. Pre-conditioning techniques
are commonly used, in order to increase the
convergence rate of Krylov methods. We can
observe that this process is consistent with
pre-conditioning. The analysis is given in
[2]. GMRES is consistent with matrix-free
implementation, then NDNG method is too.

3.2 Convergence

The convergence of the usual inexact Newton
method with monotone line search is guaran-
teed by [11], and the modification for non-
monotone line search is made in [14]. We show
briefly the proof.

Lemma 1. Let x) be a sequence generated
by Algorithm 3. If, for some sequence of indices
Qo € {0, 1, 2, }, limgecq, F(xr) =0, then
limyg_, o0 F'(zg) = 0.

In particular, if x, is a point of accumulation of
{zk} such that F(z,) = 0, then every point of
accumulation of the sequence {xy} is a solution
of (1).

Proof.: (see [1]).

Lemma 2. Let x; be a sequence generated
by Algorithm 3 and assume that all the point
of accumulations of the sequence {x} are so-
lution of (1). Assume also that . is a point of
accumulation of {xp} such that J(z.) is non-
singular and
limg o0 || (zr41) — il = 0.

Then the whole sequence converges to x,
Proof.: (see [1]).

Theorem 1. Assume that the sequence
T 18 generated by Algorithm 3. and that
there exists M > 0 such that, for an infinite
sequence of indices Q1 € {0, 1, 2, ...},

[T (zr)sn + F(z)ll < el F(ze)ll - (9)

and ||sk|| < M. Then any point of accumula-
tion of the subsequence {zy}re, is a solution
of the system (1). Moreover, if a point of ac-
cumulation of {xy} exists, then F(xy) — 0 and
every point of accumulation of {zy} is a solu-
tion to (1).

Proof.: the proof is similar to proof of Theo-
rem 1 in [1], you can see [14].

The version NDNG covered in this paper dif-
fers from that of [14] by a limited number of
outer iterations, hence enjoys the same conver-
gence properties. We remark that this conver-
gence is subject to the nice behavior of restart-
GMRES, which may be compromised in ex-
treme cases of non-linearity of F'.

4 Numerical experiments

For the numerical tests we examine the follow-
ing choices for the forcing term 7y for Step 1
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in the algorithm NDNG:

Constant: we chose 7, = 0.1;

N F(zg) = Fog—1) — J(wp—1)8k—1]

EWl: 7 =
I1F (ze—1)
(see Eisenstat and Walker [12]);
1F (zrr1) ]I
EW2: 77k:'7<7> , vE0,1], ac
7] o

(1,2]. (see Eisenstat and Walker [12]);

F(z
GLT: np = [1/(k + 1)]pC082(9k)|\!7(a(ckk)1|)|H
(see Gomes-Ruggiero et al, [14]), p = 1.1 and
—m/2 < ¢y <0.
4.1 Implementation features

The implementation details can be found in
[27], pages 26 and 57. All the tests were per-
formed in a Pentium III - 1.7 GHz computer,
using the software MatLab 6.1.

e Stopping criterion:
the process is finished successfully if
| F(z1)|| < 1075 and k < 100.

e Restarts and the maximum number of it-
erations in GMRES(m):
we fix the restarts at each 30 iterations,
m = 30, allowing initially a maximum of
100 cycles (3000 iterations).

4.2 Boundary value problems

The general formulation of the boundary value
problems solved in this work is finding u : Q =
[0, 1] x [ 0, 1] — IR, such that, for A € IR,
—Au + h(A, u) = f(s,t), in Q, wu(s,t) =
0 on O09Q. The real valued function (X, u),
the different values for the parameter A and the
function f define the different problems tested.
All the problems were discretized using central
differences on a grid with 63 inner points in
each axis. The discretized system obtained has
3969 equations and variables.

Problem 1- A convection—diffusion problem,
see [16]. Problem 2 - The problem appears in
the book of Briggs, Henson and McCormick [3],
page 105.

Taking in account that the increase in || F|| is
usually limited to the first outer iterations, we
chose to limit the number of descent direction

modifications to 5 among the first 10 itera-
tions. This modification is triggered by the
condition ||F(zguz)||2/|| F(zk)|l2 > 10. We com-
pared NDNG against the Bellavia and Morini
algorithm (algorithm 3 in [2]), henceforth al-
gorithm BM. We remark that in the BM al-
gorithm the descent direction is altered only
when a monotone linesearch along the direc-
tion s generated by GMRES is found unsatis-
factory. For the comparison we chose 2 prob-
lems taken from the Luksan collection [19], for
which both strategies converged for most ini-
tial data: Problem A (extended Powell badly
scaled function) and Problem B (Tridiagonal
system, hence Tridiagonal) The EW2 option is
used for the forcing term 7. A comparison of
the results is shown in Table 1 in terms of the
numbers of outer iterations (iterex) and func-
tion evaluation (feval). Each pair of numbers
represents the results obtained by the two al-
gorithms, in this order: (BM, NDNG).We ob-
serve that NDNG was better than BM. In both
problems, the reduction in feval is especially
notable. It seems that this is primarily due to
the introduction of a non-monotone line search.

In Table 2 we compare NDNG against
the usual Newton-GMRES method (Algorithm
1), in solving Problems: Convection-diffusion
problem with zy = (0,0,...,0) and Briggs
problem with zg = (=2, —2,...,—2), both with
A = 100. Each pair of numbers represents
the results obtained by the two algorithms, in
this order: (Algorithm 1, NDNG). We observe
a considerable reduction across the board in
Problem 1, in which Safeguard 4 was invari-
ably triggered. Only marginal improvement
was detected in Problem 2.

A comparison of the performance profiles
[10] of these algorithms is presented in Fig-
ure 2, where both choices EW2 and GLT for
7 were examined. Here, EW2 and GLT re-
fer to these choices within the Algorithm 1,
while an extra “d” refers to the modified
NDNG version. The following nine problems
were considered: 6 variants of Problem 1 with
A = 50, 75, 100, 110, 125, 150 and x¢ =
(0,0,...,0); Problem 2 with A = 100, 1000 and
29 = (—2,-2,...,—2); and Problem 2 with
A =1000 and zg = (—1,—1,...,—1).
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‘ T ‘ iterex ‘ feval ‘
Problem A
5% (125, 93) (1009, 381)
Problem B
null (10, 8) (58,10)

Table 1: Comparison of BM and NDNG

‘ Nk ‘problem‘ iterex ‘ feval ‘

Cte. | conv-dif | (21, 15) | (68, 40)
Briggs | (10, 9) | (13, 13)
EWl | conv-dif | (20, 15) | (75, 44)
Briggs 9, 8) | (12, 12)
EW2 | conv-dif | (21, 14) | (75, 44)
Briggs | (9, 8) | (12, 12)
GLT | conv-dif | (18, 14) | (66, 44)
Briggs (9, 7) | (12, 11)

Table 2: Comparing Algorithm 1 and NDNG

CPU time
--- EW2/d
— GLT/d
----- EW2
“““““ GLT
0 1 1 1 1
1 1.5 2 2.5 3 35 4

T

Figure 2: Performance profile of Algorithm 1 and
NDNG

We observe that NDNG, especially with
choice GLT, was optimal solving about 50%
of the problems with the least value for CPU
time. Similar performance were observed for
iterex, iterin and feval measures.

4.3 Conclusions

A strategy for improving the Newton-GMRES
performance (with non-monotone line search)
was introduced. The strategy consists of a

modification of the descent direction generated
by GMRES when a sharp increase in the norm
of F' is detected. Only a small number of
modifications is allowed, so as not to interfere
with the convergence pattern. Numerical re-
sults show an improvement relative to the usual
Newton-GMRES algorithm, in terms of outer
and inner iterations, function evaluations and
CPU time. The obtained process is consistent
with pre-conditioning and with matrix-free im-
plementation.
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