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Abstract: In this work we identifying arithmetic fuchsian groups by quaternion order over real
quadratic extension, whose elements are isometries that action on hyperbolic plane by Mdbius
transformations and preserving orientation. We show these quaternion order are not maximal
i quaternion algebra over real quadratic extension. However, we identifying the maximal order
that contains these orders. This procedure anable us to construction lattices in hyperbolic plane
which are associated to signal constellation.
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1 Introduction

Information theory is at the intersection of mathematics, statistics, computer science, physics,
and electrical engineering. Its impact has been crucial to the success of the Voyager missions to
space, the invention of the compact disc, the feasibility of mobile phones, the development of
the Internet.

Historically, information theory was developed by Claude E. Shannon. In [1], Shannon to find
fundamental limits on compressing and reliably storing and communicating data. Important sub-
fields of information theory are algorithmic complexity theory, algorithmic information theory,
measures of information, source coding and channel coding.

In particular, this work is inside of the context of channel coding. We know a great number
of discrete memoryless channels of practical interest are embedded on compact surfaces with
genus g = 0,1,2,3 [2], and addition to this, the design of geometrically signals sets and codes
were extensively considered only for the cases g =0 and g = 1.

In [3] it is shown that the error probability depends on the curvature, K " or equivalently,
on the genus of a surface, and that the best performance is achieved when considering surfaces
with constant negative curvature among the possible values taking on by K ' (K "< 0,K >0,
and K = 0).

However, we know the compact surfaces with genus ¢ > 2 are modeled on hyperbolic plane
[6]. Remember, the hyperbolic plane has negative curvature. Within the context of designing
digital communications system in hyperbolic spaces, it is necessary to establish a systematic
procedure for the construction of lattices (quaternion order of quaternion algebra). Because,
the choice of signal constellation (quotient of an order by a nontrivial ideal) to be used plays a
fundamental role, and the performance of the system is dependent on such signals constellations
[5]. It is by this procedure that we identify the algebraic and geometric structures in order
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to construct geometrically uniform codes in hyperbolic spaces (see also, [4] for the Euclidean
spaces), and consequently to achieve the desired efficiency.

A Fuchsian group T' is a discrete subgroup of PSL (2,R) = SL(2,R)/{£I}, (I is the identity
matrix), that is, ' consists of isometries on H? = {z =z +iy € C:y > 0} (upper half-plane
Euclidean model for the hyperbolic plane, endowed with the Riemannian metric ds? = dz? +
dy?)/y?, that preserving orientation and action on H? by homomorphism [6], given by Mdbius

az+b
a b
a=[%d]

cz+d’
a,b,c,d € R and det(T4) = ad — be = 1.

We will use also the Poincaré disc model (another Euclidean model for hyperbolic plane),
D? = {7z € C||2| < 1}, with the Riemmanian metric ds? = dz/|z|, whose Mébius transformations
is given by T4(z) = gj_tg, with a,c € C and |a|? — |¢[*> = 1. Morever, the mapping f(z) =
(zi +1)/(z + 1), is an isometry between H? and D?.

In this work, associated with the Fuchsian group I', we show there is a fundamental region P
(polygonal shape containing 4g edges). The pairing of the 4¢g edges of a hyperbolic polygon Py,
to be considered in Section 3, leads to an oriented compact surface H? /Ty , with genus g, where
I'44 is the Fuchsian group associated with a self-dual hyperbolic tessellation {4g,4g}. Also, for
each g, the Fuchsian group is co-compact, and therefore the hyperbolic area 11(Psy) = w(HE2 / T4g),
is finite.

Thus, in this work the signals constellations are considered as the barycenters of the regular
hyperbolic polygons with 4g edges, denoted by Ps,. Each barycenter, or equivalently, each
signal u in the signal constellation is the image of another signal v in the constellation, by the
application of a hyperbolic isometric T € T'yq, that is, T'(u) = v.

Note that, if the corresponding group acts transitively on the signals constellation then the
resulting signal constellation is said to be geometrically uniform, [4].

transformation T4 (z) = where

2 Quaternion Order and Arithmetic Fuchsian Groups

Let A = (¢, s)r be a quaternion algebra over a number field F with basis {1,4, 7,75}, satisfying
i = t,52 = s,ij = —ji, and (ij)®> = —ts, where t,s € F* = F - {0}. If 2 € A, then
T =xo+ 218+ 227 +2x30) With xg, x1, 29,23 € F, and T = zy— 11— 295 — z317 is called conjugate
of 2. The reduced trace and the reduced norm of x, denoted, respectively, by Trd(z) and Nrd(x),
are defined as Trd(z) = 2Z and Nrd(zy) = x3 — tz? — sx3 + tsz3.

There is a linear map 7 : A — M (2, F (\/Z)) that associate to the base elements 1,4, 7,17 the
matrices My, My, My, M3 € M (2,IF (\/1_5)) respectively, with

w=[30) =[] e[ n] w0 Y

where s = r7ro, and 7 is an embedding of A in M (2,F(y/t)). Thus

o + 271\/% 7’1(272 + 1‘3\/5) ]

. : N — oo M u u M —
(20 + @10 + T2 + 2315) = oMo + 31 M1 + 22 M + 23 M3 [rg(xg—xg)\/i o — 31/

when z = zg + 11 + 2] + x31].

Morever, since T satisfies the conditions 7(i2) = (7(i))2, 7(52) = (7(5))? and 7(i5) = 7(i)7(4),
it follows that 7 is an algebra homomorphism. It is a simple matter to show that 7 is onto in
M(2,F) if and only if ¢t = k2, for some k € F* = IF\ {0}.

This shows that there are two possibilities for a quaternion algebra A over F. FEither it is
isomorphic to the matrix algebra M (2,F) (in this case we say that A is non-ramified), or to a
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sub-algebra of M (2,F(v/t)), with v/t € F, having the structure of a division ring, denoted by H.
In this case we say that A is ramified for some t € .

If A ~ (¢, s)r quaternion algebras over number field F, and ¢ : F — K is any homomorphism
of I into another field K, we define A7 = (0(t),0(5))(r), and A7 @ K = (a(t),0(s))x-

In what follow, F will be a totally real number fields of degree n. This means that F is an
extension field of Q of degree n, so that all n distinct embedding of F into C are embedding
vi, (1 <i < n)into R, where ¢ is the identity. Let A be a quaternion algebra over F such that
for 1 <14 < n there exist R-isomorphisms p;,7i = 1,...,n, as defined by

p1: AP @R — M(2,R), pi: AP @ R — H. (1)

We say A is non-ramified in p; and ramified in the remaining p;’s. We denote by Nrdg
and Trdyg, the reduced norm and the reduced trace of H, respectively. Thus, if x € A, then
Nrdy(x) = det(pi(x)), Trdu(z) =tr(pi(z)), pi(Nrdu(z)) = Nrdg(pi(x)) and ¢;(Trdm(x)) =
Trdy(pi(z)).

Let Op be the ring of integers of F. An order O in A over F is free Op-module containing 1
with rank equal 4n. Let P be the prime ideal in O and let be the Hilbert symbol, denoted by
(=), given by function from F* x F* to {—1,1} defined by

1, if 22 =a2®+by? (modP) has nonzero solution (x,y,z) € F
(0’7 b) =
—1, if not.

The quaternion algebra (¢, s)r is called ramified at P iff (%s) = —1. Also, the discriminant
d(A) of A s defined as the product of the prime ideals at which A is ramified. Let O be an
order in A. The discriminant d(O) of O is defined as the square root of the Op-ideal generated
by det(Tr(z;.<;)), where {21, 22, 23,24} is an Op-basis of the quaternion order O. If M is a
maximal order in A containing O, then the discriminant satisfies d(Q) = d(M)[M : O] and
d(M) =d(A).

Given an order O in A, we define its group of units O' = {z € O|Nrd (z) = 1} and set
I'(A,O) :=p; (O') /{£Id}. It is known (and proved by Takeushi in 1975, [7] ) that I' (A, O) is
a Fuchsian group, that is, a discrete subgroup of PSL (2,R). Since every Fuchsian group may
be obtained in such a way, we say the a Fuchsian Group I is derived from a quaternion algebra
if there is a quaternion algebra A and an order O C A such that I has finite index in T (4, O).
The group T is called Arithmetic Fuchsian Group.

The next theorem it is possible to characterize the Fuchsian groups that are derived from a
quaternion algebra.

Theorem 2.1 [6] Let T' be a Fuchsian group associated to a fundamental region with finite
hyperbolic area. Then, T is derived from a quaternion algebra A over a totally real number field
F if and only if I satisfies the following conditions.

i) If F={Q(tr(T) : T €T)}, then, F is a number field of finite degree and tr(I') is in O.

ii) If ¢ is an embedding of F in C different from the identity, then p(tr(I")) is bounded in C.

3 Quaternion Order from Fundamental Polygon P,

Let S, be the fundamental group of a compact closed surface of genus g. It has a presentation
as Sy = (a1,b1,a2,b2, ..., ag,bg| [1_1]ai, b;)] = Id) with [a;, b;] = a;b; a_lb ', Let us consider
a regular polygon P, with 4g edges and angles with measure equal to 27/4g. Hence, the
corresponding a fundamental region of self-dual tessellations of the hyperbohc plane is denoted
by {4g,4¢}, we and denote its edges, in some cyclic fixed order, as ul,vl,ul,vl, . ug,vg,ug, g
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Figura 1: Octagon

The Fig. 1 illustrates the fundamental region, octagon Pg, of the self-dual tessellation {8, 8}
with its sides labelled by uq, u}, v1, v}, ug, ub, ve, vh.

Now, we determine of generators of Fuchsian Groups 'y, whose edge-pairing generators of a
regular polygon P, with 4g edges (fundamental region of I'yy) are hyperbolic transformations,
T; ( whose trace tr(T;) associated to T; is given by ¢r(T;) > 2) , where g is the genus of compact
surface H? /T, and whose hyperbolic area is u(H? /T4y) = 4m(g — 1).

If we consider T,,Tp,, when ¢ = 1,...,g, to be hyperbolic transformations determined by
matrices A;, B; , such that Ty, (u;) = u; and Tp, (v;) = v;, then the group I'y, generated
by Ta,,TB,, when ¢ = 1, ..., ¢ is canonically isomorphic to Sy, (see [6], pp 94). Considering the
Poincare model D?, and assuming that 0 € D? is the barycenter of Py, we can find explicit formula
for the matrices A; and B; that generates the transformations T4, and Tp,, for i = 1,...,¢.
Following exactly the same kind of procedures done by Katok for the case g = 2 (see [6, Example
C, pp 95]), we have the following result.

ol
ST

Proposition 3.1 The elements a,c of matriz A1 = [ ] are given by

?

la| = tan <7(2g4—gl)7r> , and arg(a) = —7(9 ;gl)w

e| = \/tan2 [%] —1, and arg(c)= —%,

and another matrices generators are given by A; = C*A1C~™4 and B; = CY"*T1A,CY*! for every
i=1,...,q9, where C is rotation matriz given, by

627ri/4g 0
¢ = |: 0 e—2mi/4g :|

Example 3.1 If g = 2, then the matriz Ay associated to generators transformations Ta, € I'g
s give, by

2 2
— VA2V -i242)) (24+v2)(1-i)
2 2

Ay =

(2+v2)(1-+i) —V2((24+V2) +i(2+/2)) ]

and the another matrices As, By and Bsy are given by conjugation.

Example 3.2 If g = 3, then the matriz A, associated to generator transformation Ta, € '12 is
given by

(2+/3)+i(3+2/3) (V3+2V3)[(=14+V3)+i(1+V3)
_ 2 p)
Al (V3+2V3)[(~14+V3)—i(1+V3) (2+v3)—i(3+2v3) ’
2 2

and the another matrices As, Az, B1, By and Bs are given by conjugation.
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Now, taking the correspondents real matrices of PSL(2,R) by isometries f : H? — D? give
by f(z) = ZZZLI, we have, ' = f~'T'y,f is a subgroup of PSL(2,R),where g = 2,3, and whose
generators matrices are given by f~'A;f = D; and f~!B;f = E;. In particular, we have for
Ay € T'g is given by

2+VDH(2-V2 V2 (2+V2)-(V2)(V2)

2 2
(=2-VD+(VD(VE)  2+VDHR+VDVE |
2 2

flAf=D =

and A; € I'y5 is given by

(2+v3)+V3+2V3(1+V3) (3+2v/3)+V/3+2v3(-1+v3)

A f=D = 2 2
fo A =D _(342v3) V312V 14v3)  (24v3)-(V312v3)(14V3)
2 2

Remark 3.1 If we compute all the generators matrices M = D; or M = E; fori=1,...,g, of
[yy it is easy to check the matrices are given by:

(i) If g =2,
! M_g[ a+ byt c+d\/2_f] @)
T 2| —(c—dvt) a—byt |’
where, a,b,c,d € Z[V2] and vVt = V2 = V2.
(i) If g =3,
! M_g[ a+ byt c+d\/2_f] 3)
T 2| —(c—dvt) a—bVt |’

where, a,b, c,d € Z[\/3] and \/t = /3 + 2V/3.

Also, it is easy to show the product of these matrices are of type M and belong to group T'.

Lemma 3.1 [6] If H ~ (—1,—1)g and H' = {z € H: Nrdg(z) = 1} is the set of quaternion
algebra of reduced norm 1, then Trdg(H') is bound in C.

Theorem 3.1 If g = 2, then the group I's is derived from quaternion algebra A over a totally
real number field Q(v/2).

Proof: In this prove we will adopt exactly the same kind of procedures done by Katok for
the case g = 2 (see [6, Example C, pp 95]). Thus, first we shown the conditions (i) and (ii) of
Theorem 2.1 are satisfied for elements of I's. By, Remark 3.1, the elements of ['g are given by

M—l zo+T1vV2  mo+13V2

2 —((L‘g—:ﬂg)é/i :E()—,’L‘lw

where zg, 21, 3 and z4 € Z[v2] and tr(M) = ¢ = a1 +azv/2 € Z[V2] . In this way, we have
Q(tr(Tg)) = Qa1 +a2v2) = Q(v2), and tr(M) € Z[v/2]. Since Q(v/2) is a totally real quadratic
extension of Q, its follow the condition (i) of Theorem 2.1 is satisfied. Let ¢y : Q(v/2) — Q(v/2)
be non-identity embedding seeding ¢2(v/2) = —v/2. By Remark 3.1, generators of I's and

therefore all elements of I's are embedded into M (2,K), where K = Q(v/2)(v/v2). Thus, ¢y
extends to an isomorphism Wy : K — C, where

Ty(V2) =/ —V2=iV2.

Following exactly the same kind of procedures done by Katok, the elements of I'g are mapped
in matrices in M (2, C) of type

) ] , with a,b € ¥y(K),
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where we denote this set by AY2 ® R ~ H.(see [6, Example C, pp 149]). Now, if T € T, then
tr(T) = a+ @ and by Lemma 3.1, where Wy(a) + Uy(a) € [-2,2]. However, a + @ € K. In this
way, Ua(a) + ¥a(a) = ¥a(a + @) = pa(a + a), this is p2(a + @) € [—2,2]. Therefore po(tr(I")) is
bound in C.

Theorem 3.2 If g =3, then the group I'12 is derived from quaternion algebra A over a totally
real number field Q(v/3).

Theorem 3.3 If T is a Fuchsian group whose generators are matrices in PSL(2,R) of the type

v L[ atbvt  m(e+dvi)

2| ra(a—dvt) a—bV/t ’
where a,b,c,d € Op, with /t € Op,71 = 1 and ro = —1, then, T' is identified by quaternion
order O ~ (t,s)op of quaternion algebra A ~ (t,s)r, where s = riry.

It easy to show the product of two matrices of Theorem 3.3 assumes the same form M. In
practice, we have that all the elements of I' may be obtained by directly relations of product the
matrices generators and this fact guaranteed that all the elements of I' assumes the same form
M.

Remark 3.2 By Theorem 3.3 and Remark 3.1, we have, I's ~ (\/5,—1)2[\/5] and T'yg ~ (3 +
23, ~Dziya-

The next step is to show that the quaternions orders OZ[\/E} ~ (V2, _1)2[\/5} and OZ[\/?I] ~
(3+2V/3, —1)z(y3) are not maximal in quaternion algebras Ag 5 ~ (V2, —1g(vz) and Ag/5) ~
(3 +2V/3, —I)Q(\/g), respectively.

Proposition 3.2 Let O = Op+iOp+Orj+Orij to be on quaternion order (t,s)op of quaternion
algebra A ~ (t,s)y over number field F, where O is integer ring of number field F. Then the
discrimant d(t, s)o, is given by d(t,s)o, = 4ts.

Example 3.3 (i) If the quaternion order is given by Oy1ym = (V2, _1)Z[ﬂ} then d(OZ[ﬂ]) =
“avE— —(VB.

(ii) If\t;L_e quaternion order is given by Oy sz ~ 3+ 2\/3,—1)2[\/3] then d(OZ[\/é]) = —4(3 +
2V/3).

Proposition 3.3 The quaternion order OZ[\/Q} ~ (V2, _1)2[\/5] s not mazximal order in AQ(\/E) ~
(V2. ~gy3) -

Proof.

By Example 3.3 d(Oy5) = —(v/2)°. Now if P is a prime ideal in Z[v/2] generated by
V2 (remember Z[v/2] is principal ring), then d(A)/d(O) = P5 and d(A) is given by the prod-
uct of the prime ideals at A is ramified. Thus, P is the only prime ideal, that we need to

check if A is ramified in Z[v/2] for this case. For this, we compute the Hilbert symbol (E)

P
We assume (%) = 1, that is, the equation 2> = v/2z2 — 1y?(mod P) has non-zero solution

(2.9,2) € QV2)",

If £ = 21 + 29vV2,y = y1 +y2vV2 and 2z = 2, + 2v2 € Q(V2), then 2 divides (22 +
222) + 2v22120 — V2[(2? + 223) + 2v/23122] + (y? + 2y3) + 2v/2y192. Since V2 is a factor of
2v/221 29, V2[(224-222) +2v/2x1 5] and 2v/2y1yo we have that /2 divides (27 4223)+ (y? +2y3) =
(22 4+y?)+2(22 4+y3) and /2 divides (27 +y7?). In this way, we obtain ¢, +¢2v/2 € Q(v/2) such that
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z% +y% = V2(q1 + q2v2) = V2q1 + 2o, or as, z% +y% = 2¢5 and ¢; = 0 thus z% +y% =0 (mod?2).
Therefore y; = 0,21 = 2¥ or y; = 2%, 21 = 0 for some integer k, are only possibly solutions for
this equation.

Case I) If y; = 0 and z; = 2F, then (2% + 25v/2)? = V2[(z? + 223) + 2v22122] — 23 and
(22 + 2.2829v/2 + 222) = V2[(2? + 222 + 2v/21129] — 2y3. and as consequence /2 divides
z?. Thus we have that t; + t2v/2 € Q(v/2) where 22 = 2(t; + t2v/2) = 2ty + t;1/2 and
xi = (4t3 + 4v/2t1t5 + 2t2). Note t; = 0, by consequence x{ = 4¢3 then z = +v/2Vt ¢ Q.

Case IT) If y; = 2% and z; = 0, then (20v/2)? = V2[(2? + 223) + 2221 22] — (2F + 21/2)? and
(222) = V2[(2? + 223 + 2V 2z129] — (2% + 2.2Fy9/2 + 242). Therefore /2 divides x2. Similary
to case I, we obtain the same contradiction.

Thus, we conclude that if A is ramified in only prime ideal P then d(A) = V2. Since
d(A) # d(0), it follows that O is not a maximal order in A.

Proposition 3.4 The quaternion order OZ[\/ﬁ} ~ (3+ 2V/3, _I)Z[\/é} 18 not maximal order in
Ags) = (3+2V3,~1)gy3)-

If OZ[\/Q] ~ (ﬁ,—l)z[ﬂ], then a Z[v/2]-basis for OZ[\@] is given by 1,i = v/2,5 = [ and

. 4
ij = v/2.1 where [> = —1 and ij = —ji. But is not maximal order. However, if 1,3 = %,j =1
is another Z[v/2] basis, where %j = — %, then it is possibly build a new quaternion order

My = (%,—1)2[\/5] containing (\/5,—1)2[\/5], where d(MZ[ﬂ]) = /2 (Proposition 3.2).
Therefore, we conclude d(M) = d(A) and My, 3 is a maximal order in Ay 5.
Similary, if Oy g ~ (3 + 2v/3, ~1)zy5, then a Z[\/3]-basis for Oyya is given by 1, =
2+4+3v3,5 =1 and ij = /3 +2v3.1 where [> = —1 and ij = —ji. But is not a maximal
V3+2V3

order. However, if 1,% = 5——,J = | where %j = —j%, then it is possibly build a new
quaternion order My q ~ (3+i\/§’ —1)Z[\/§} containing (3 + 2\/5)_’,—1)2[\/3], when d(MZ[\/g]) =

V3. Therefore we conclude d(M) = d(A) and My 5 is @ maximal order in Ay 7.
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