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Asymptotics for Jacobi-Sobolev orthogonal polynomials
associated with non-coherent pairs of measures®
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Abstract: Inner products of the type (f,q)s = (f,9)wo + (', 9 )y, where one of the mea-
sures gy or iy is the measure associated with the Jacobi polynomials, are usually referred to as
Jacobi-Sobolev inner products. This paper deals with some asymptotic relations for the orthogo-
nal polynomials with respect to a class of Jacobi-Sobolev inner products. The inner products are
such that the associated pairs of measures (1o,11) are not within the concept of coherent pairs
of measures.
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1 Introduction

Consider the inner product defined by

1
() gt = / F@)gl@)d )z / F(@)g(@)(1 - 2)°(1 + 2)de,

with «, 3 > —1. Many properties of the sequence of orthogonal polynomials {P o )}OO o with

respect to this inner product, known as the Jacobi polynomials, are well known. Here, we assume
{P(a’ﬁ) o , to be a se f ic pol ial

n 0 quence of monic polynomials.
For example, it is known that

P (@) = (x = B PP (@) — ol D PP (@), =1,

where Bn +1 , n > 0, are real numbers and

(a,8) dn(n+a)(n+ B)(n+a+f)
T ntatf-1)CntatBP@ntatfL1)

Moreover, the n zeros of P,(La’ﬂ ) are simple and lie inside (—1,1). For more details about these
polynomials see, for example, [4, 11].

>0, n>1. (1)

Assume |k| > 1, kg > 0, k3 > 0 and k1 > — 1 f: | k9. We consider the class of Sobolev
K
inner products (f, g)s defined as follows
(£r9)s = (f, @) pam + 81{f"s g ) ptasrroen + K2l f's ') pesinny), (2)
Here, the measure 1)(®#5:3) is such that
(f:9)pabimns) —/ f(@)g(@)dp' ™) (@) + k3 [f ()9 (r)], (3)
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with dyp(®Pr) (1) = e dip(@+1.8+1) (1), With the restrictions given before over , k1, ko and k3
the inner product given in (2) is positive definite.

If k1 # 0, the pair of measures {dw(a’ﬁ),mdw(““ﬁ*l) + /ﬁgdw(a’ﬁ’”’”3)} does not form a
coherent pair according to Meijer’s classification given in [6]. The concept of coherent pair of
measures was introduced by Iserles et al. [5]. In Andrade, Bracciali, Mello, Pérez [1] the authors
studied the behaviour of the zeros of Jacobi-Sobolev orthogonal polynomials for 1 # 0. In [2]
one can find asymptotic properties for Gegenbauer—Sobolev orthogonal polynomials associated
with non-coherent pairs of measures.

For k1 = 0 see ([7]) and ([9]) for asymptotic properties of Sobolev orthogonal polynomials
for coherent pairs of Jacobi type.

If we denote the monic orthogonal polynomials with respect to the inner product given in

(3) by PLePRR) e following results are also known (see [3]).

P{esBns) () = PO (1) 4 dy oy () PT (@), 1, (4)
Whel“e dn_l(H) — _pgla,ﬁJi’K/?’)/[K:pf,la_—‘;17ﬁ+1):|- Here’ p'gla7ﬂ7"ivﬁ3) — <P'rg,a7ﬁ7ﬁ/7ﬁ3),qu,ajﬂ?,i7n3)>¢(a,ﬁ,ﬁ,ﬁ3)
and p7(1a+1,,8+1) _ <PT(La+1,ﬂ+1)7P£a+1,ﬂ+1)>w(a+1ﬂ+l)‘

It was shown in [3] that the polynomials S,, satisfy Sp(z) = Péa’ﬁ)(x) =1, Si(z) =
pled () = x and
| -

Sni1 () + anSulw) = P (@) + 0, P (2), n>1, (5)

where b, = b, (k) = dp—1(k)(n+1)/n and for n > 1,

(a,3) 2 (a+1,6+1)
Pn + K1n Pr—
an = an(k, K1, K2) = S 1 bn(q), (6)
Pn

where pg{g) = (Sn,Sn)s. The coefficients a,, n > 2, can be recursively generated by

Un(K1) 4 o (@F1A+D)
Un(k1) + ap(@tL+1) 4 bn,l{ —n(n — 1)kek + vp—1(Kk1)[bn-1 — anfl]}

Ay =

b, (7)

Vl(lﬂ)

1/1(,%1) T Ko p(()avﬁuh"?K:?)) (()0‘4‘1”34-1)

Our objective in this paper is to consider asymptotic results associated with the orthogonal
polynomials S,, with respect to the inner product (f,g)s in (2) when |k| > 1, k1 > 0, ko > 0
and kg > 0.

by and v,(k1) =n’k1+n/(n+a+p+1), n>1.

with a] —

2 Some preliminary asymptotic results

Using results given in [4] or [11] one can easily verify that as n — oo,

Joh )

n o n

@h ~ g 4 ad  EEEy L (8)
anrl an+2 Pn

We now give the asymptotic behaviour of the coefficients d,, (k) as well as of the rational func-
tions such as P73 (z)/PTH ) (1) and PP (2) /PP (2), in terms of the complex
function ® defined by

P(z) =2+ 221, for € C\ [-1,1].

The square root in ® is such that v/22 —1 > 0 when z > 1 and v22 —1 < 0 when z < —1.
Here, C denotes the complex plane and C denotes the extended complex plane.



Fist we will need some previous results.

From results given in Nevai [8] (see also Pan [9, Lemma 3.1]) we obtain the well known ratio

asymptotics for the Jacobi polynomials

AU ORI 10
lim = ,
R AR ) O(z)  V(z)
lim ————— = = ,
n—o00 quaﬂ) (:E) N 2

uniformly on compact subsets of C\ [—1,1].
Now we state the following lemma given in Pan [9, Lemmas 4.3, 4.4 and 4.5].

Lemma 2.1 Uniformly on compact subsets of C \ [-1,1],

O(z) —P(k) VKZ—1

(a7ﬁ>ﬁvﬂ3) 1 _ ) > 0
lim B (z) (@) _ T — kK O(z) if ry 20,
n—oo (0‘7675) (SU)
" 1, if k3 =0,
Py o) — @(k)
i — s -
n—o00 A s (.T) 2(ZL‘—/€)
plaBir) (x) T —kK
lim —" = ().
n=oo pl*h) (g b(z) — (k)
We will also need the two results bellow.
Lemma 2.2 (Pan [9], Thm. 4.6) The following limit holds
T —K , K2 — ,
P(O«B,Hm)(x) m () = . if K3 2>0,
lim —%—— " — -
n—oo Pr(Laﬁ) Tr — K )
(z) 3(z) — D(n) o' (), if k3 =0,

locally uniformly in C\ [—1,1].

(9)

(10)

(14)

Lemma 2.3 (Pan [9], Thm. 4.7) For the coefficients d,,(r) in (4) and also for the coefficients

bn(k) in (5) the following holds

lim d,(k) = lim b,(k) = b(k),

n—oo n—oo

—®(k), if K 0,
where  2b(k) = { (%) fos =
—[®(r)]7Y, ifrs=0.

From (4) and previous lemma we obtain

Corollary 2.1

KO()
(avﬂzﬁaﬁﬁ) 2 9 Zf K3 > 0,
) n -
Jm Ay =) .
pnfl Zf K3 = 0.
20(k)’

— 08—

(15)



3 Asymptotic properties

The following theorem gives information for the norm ||S,||s = [p3]'/2.

Theorem 3.1

77(;1,,8,51) +n K 1051)\ ,q,K1,K2) < ps < ,%(La,ﬁ,ml) +n K p»SL ”f’ﬁ K3) +b ( ),77(L 7{3’,“1)

9

(a,8, ’il) ( B) (a+17/6+1) n>1.

where p, + K1p,,_1

Proof: Since the monic orthogonal polynomial of degree n with respect to any inner product
has the smallest norm among all the monic polynomials of degree n, we have

P = (SnsSn)s = (Sn Sn) ety + K1(Sh, Sp)yiatrorn + £2(Sh, Sh) yasmns)

(a+1,ﬁ+1)+ 2., (@0shk3)

mﬁ)—l—n/@p n Kap,_1

V

To prove the right side inequality, we use

P = (SnSu)s < (B 4 bua(m) PO P b () P s
|
We can now prove the following result.
Theorem 3.2 The coefficients an, = an(k, K1, k2) in (5) satisfy
11151;0 an (K, K1, K2) = a(k, K1, Ka) = —2(;(&), where k= W (16)
Proof: From previous theorem we obtain
)
bulbn — an] >0 and |a,| < N O SNE CRIoT) 516l
If a= nh_)ngo an exists, then from the inequality in Theorem 3.1, Eqs. (8) and (??) and Lemma
2.3, .
0<laf < — 4/@2/§b’b|' (17)
From (7), we obtain
. 5, alotlAtD) . 18

577, 057(1a+17ﬁ+1) + bn—lnTi1 [_K2’€ + 5n—1nTil(bn—l - an—l)]

(a+1,64+1)

where 6, = v,(k1)/n%. From (1) note that as, — 1/4 and §,, — K1 as n — oo.

Thus, if a = lim a,, exists, then from (18),
n—oo

a2—[4b})+b() m]a—f—:O. (19)

Both possibilities for b(k), given in Lemma 2.3, lead to
aQ—i—/i(l—i—@)a—i-:O.
K1 4

— 09 —



Hence, choosing the solution that satisfies the restriction given by (17), we obtain

i)

We now confirm that lim,,_,~ a, = a as given before. From (18), we obtain

S a(a-l-l,ﬁ-‘rl) (bn

n

— (I) + [/{2/€ — Op—1bp—1 + 5n71] nT_lbnfla
+ b1t [—Rok 4 01 S (b — an—1)]

n

|an — al

5, a(oz—‘rl B+1)

+

6n—1bn—1a(an—1 - CL)
+ b1t [—hok + 0p1 2 (b1 — an—1)]

n

5n Oégla—l—l,ﬁ—s—l)

on a£a+1,ﬁ+1) (bn - a) + [Iigli — Op—1bp—1 + 571—1] %bn—la

n—1
— TKQRbnfl

+ Opn—1bp—1a
o a7(104+17ﬁ+1) _ n—1

|ap—1—al.

—Kafibp 1
The latter part above is a consequence of b, [bn —ap] > 0. From (19),

n —

lim |6, Oé%a+1’ﬁ+1)(bn — a) + (/iz/f — Op—1bn_1 +5n—1)

n—oo

Therefore,
limsup |a,, — a|] < S |4ba| lim sup |an—1 — al .

K1 — 4bkak

Thus, the convergence of a, is established if we prove that K41b |4ba| < 1. Clearly,
- RoK

_m < 1 with the assumptions x; > 0. Now,
K1 — 4bkak

o

'(DET; N Zf K3 > 0,

K
|[4ab| =
L if K 0

—, =0.

10 (r)D(R) |’ 3
Since |k| > 1 and |®(&)| > |®(k)| > 1 then |[4ab| < 1. Thus, the theorem is proved. [ |

Using that a = by () o) +n261p V) 5 and by (k) = —[(n=1)pi>" )] /[P,

Prn—1
together with the results in (8), Lemma 2.3 and Theorem 3.2, we obtain the following limit

1‘ n2p£La’ﬂyK/7K/3) K
11 = .
n—oo  pf 2r1D(R)

Theorem 3.3 The Sobolev orthogonal polynomials Sy, (z) satisfy

o)~ b(x)
lim _Salz) qw, if K3 >0, -
T SO [ L R
d(x) —1/®(k)’ ;
- Sppi(w) . @(2)

uniformly on compact subsets of C\ [~1,1].



Proof: From the recurrence relation (5), we can write

for1(2) = 1+ gn () + hn(2) fo(2), (22)

with the analytic functions on C\ [—1, 1]

Sul2) Py () P ()
fulx) = —a gn(z) = bn(li)ai and hp(z) = —p—
PO (@) P ) P (@)
Then equations (15), (9) and (16) give
2b 2
I ,(0) = g(0) = 5 andlim ha(e) = ha) = — 1%, (23)

uniformly on compact subsets of C \ [—1, 1].
Note that |h(x)| < 1 and that |g(z)]| is also bounded for all z € C\ [~1, 1]. Hence there exist
positive constants A < 1 and B such that for all n > N

|hn(z)| < A<1 and |gu(z)| < B if 2€C\[-1,1].
Hence from (22),

I[fnyi(z)] < 1+ B+ A|fn(z)l,
|fy42(z)] < 14 B+ AL+ B) + A% fn(2)],

.B — Al X B
vsite) < P o) < 2204 v

Therefore, f,, is uniformly bounded on compact subsets of C \ [~1, 1]. B
We now show that {f,} converges uniformly on compact subsets of C\ [—1,1]. If the limit
f(x) exists, then from (22) it satisfies

F(0) =1+ 9(0) + (o) ] (2). 24
Thus, from (23), o 2
@) = gt 29

From (22) and (24),
[ (2) = F@)] < lgn(z) — 9(@)] + (@) — B@) | fa@)] + 1R(@)] falz) — F(@)]
Since f,, is bounded for all z € C\ [~1,1],
lim sup | fo (2) — F(2)] < A T sup | fu(z) — £(2)]

Consequently, the convergence of f,,(x) to f(z) follows from 0 < A < 1.
Using the results of Lemma 2.3 and Theorem 3.2, from (25) we obtain the limit in (20).

Since (5)
Swt _ Swni(x) B (@) B ()
Su(x) PP () PP (z) Snl@)
from (20) and (9), the limit result in (21) immediately follows. [ |

Now, as we can write

Su(@)  _ Sulz)  P(x)
Péa,ﬁ,n,ng)(x) Pygaﬁ(ﬂ?) Péa,ﬁ,n,ng)(x)

from (20) and (14) we obtain the following result.



Corollary 3.1 Uniformly on compact subsets of C\ [—1,1],

P(z) — P(k) T—K , <21 .
K o Y ) > 0,
i — 520} 3 —1je |3 -eg T ) U
e P () O(x)— (k) Tk |
@ .
() — Ljo(R) B@) = a0 © if Ky >0
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