Anais do CNMAC v.2 ISSN 1984-820X

Hypergeometric functions and L-orthogonal polynomials

C.F. Bracciali, R.L.. Lamblém e A. Sri Ranga
Depto de Ciéncias de Computagao e Estatistica, IBILCE
UNESP - Universidade Estadual Paulista
15054-000, Sao José do Rio Preto, SP
E-mail: parareginae@hotmail.com

Resumo: We consider a ratio of hypergeometric functions that can be expressed in terms of a
continued fraction expansion and obtain polynomials with L-orthogonal properties. An explicit
expression for these polynomials in terms of hypergeometric polynomials is also found. Informa-
tion on the parameters, when the L-orthogonality is of three special classes, are also observed.
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1 Introduction

Hypergeometric series are given by

ai,az,...,ap — (a1);(a2); -+ (ap); 2
F, 1z ) = —,
P q< b1,ba, ..., by > ; (b1)5(b2); -+~ (bg)j 4!

where (a), =a(a+1)---(a+n—1).

Clearly, for any of the denominator parameters by a negative integer value must be avoided.
Moreover, if any of the numerator parameters a; is given the value —n then series terminates
at the n-th term, resulting in a polynomial of degree n.

Hypergeometric series with p = 2 and ¢ = 1 are of special interest and are usually written as

oIy < a,cb, ;Z) or oF(a,b;c;2).

This series is known to converge for |z| < 1. The analytic function represented by this series
is usually known as the hypergeometric function. For example, when fRe(c) > Re(b) > 0, this
function has the integral representation (due to Euler)

c 1
il bicz) = r(b;((c)—b) /0 L1 — L1 — 2t) o,

which holds for z ¢ [1,00). Here I'(z) is the gamma function.

Hypergeometric functions are important because almost all of the elementary mathematical
functions are simply hypergeometric functions or ratios of hypergeometric functions.

Using the series expansion of 9 F(a,c — b; c; z), an analytic extension of the Hypergeometric
function for e(z) < 1/2 can be obtained by the Pfaff transformation

oF 1 (a,b;c;2) = (1 — 2) “9F 1 (a,c — by c; 2/ (2 — 1)).

Two hypergeometric functions are called contiguous if two of their corresponding parameters
are pairwise identical and the other parameter differing by unity. There are some interesting



relations between contiguous hypergeometric functions, called contiguous relations. We consider
the following two contiguous relations (see (2.5.3) and (2.5.16) of [1]):

—-b+1
oFi(a,b;c;2) = (14—!2) oFi(a+1,b;c+1;2)
c

(1)
_(a+1)<C_b+I)ZQFl(a+2,b;c+2;Z)

cle+1)
and
(c—a)2Fi(a—1,b;¢;2) = (c—2a—(b—a)z) 2Fi(a,b;c; z) @
+ a(l —z) oF1(a+ 1,b;¢; 2).
In both cases one must assume ¢ # 0, —1,—2,... . We use these relations to obtain a class of

L-orthogonal polynomials with interesting properties.

2 L-orthogonal polynomials

Given the sequences of non-zero complex numbers {3,}72; and {a,}22,, let {P,}72, and
{Qn}22, be the sequence of polynomials given by the three term recurrence relations

Pn+1(z) = (Z + ﬁnJrl)Pn(Z) - ozn+1an,1(Z),
QnJrl(Z) = (Z + ﬂnJrl)Qn(Z) - anJrlZanl(Z),

with Po(z) =0, Qo(z) =1, P1(2) = po # 0 and Q1(z) = z + B

Properties of these polynomials from the point of view of the recurrence coefficients are
explored in many papers, including [4] and [6].

One can establish that ‘there are formal power series expansions Lg(z) = Z?io —p—j_127
and Loo(2) = D272 pj—1277, such that (see [2], [4])

> 1,

)= G B O
Pn(Z) —n—1 n+2 ! Z . (1)
Lo(2) = gy = oo+ aminz " 4 O((1/2)" ),

If the determinants A,, and Agfl) are defined by Ag = po, Aéﬁl) = p_1 = —pp/pP1,

Ho 21 T Hn, H—1 Ko -t Hn—1
A, = M'—l M‘o e Mn.—l and Aﬁ;l) _ M.—2 ,U.—l s ,Ufn‘—2 7
Hen  H—pt+1 - Mo H—n—1 HM—pn - H-1

for n > 1, then applications of Cramer’s rule to the linear system of equations that results from
(1), give
A e A(fl) -1 n+1
n _ HoQ2 Qn+1 and n _ ( ) n> 1.

Anfl - BlﬂZ T Bn An ﬁl o ﬂnﬁnJrl ’ o

Hence, these determinants satisfy the conditions

Apn#0 and ALY 20, n>0. (2)

Note that, if ap41/6, > 0, n > 1, then A, > 0, n > 0 with the choice pg > 0.



Now from the series expansions Ly and Lo, that is from the double sequence {pu,}02 o, if
we define a linear functional M by
Mw"] = pp, n=0,£1,£2,..., (3)
then
Mw " Qu(w)] = poaa -+ - pg16ns, 0<s<n—1, n>1. (4)
We say the numbers p,, n = 0,4+1,£2,... are moments, M is the strong moment functional

associated with these moments and that the sequence of polynomials {Q,}5°, is a sequence of
L-orthogonal polynomials with respect to this moment functional. The word L-orthogonality is
used because (4) is equivalent to the orthogonality of the sequence of Laurent polynomials

QO(Z)7 zilQl('z)v 271Q2(2)7 ZﬁZQg(Z), 272Q4(2’), 273Q5(2), ceey

with respect to the same moment functional.

Given any double sequence {p,}52 _ ., we will also refer to the strong moment functional
defined by (3) as a quasi-definite strong moment functional if the conditions in (2) hold. With
(2), the monic polynomials @Q,, n > 0, defined by

Mw™" Q. (w)] =0, 0<s<n-—1,

exit and satisfy @,(0) # 0, n > 1 (see [4]).
There are three subclasses of strong quasi-definite moment functionals which are more inte-
resting, useful and appear more frequently. We define them as

e Class 1A: fep, = My, Ap#0 and A%_l) #0, n>0;
e Class 1B: ey = tpn, An F#0 and Agfl) #0, n>0;
e (Class 2: Pep—1=—pn and A, #0, n>0.

We refer to class 1A as the Szeg6 type class. The so called reciprocal polynomials S, (z) =

Q;(2) = 2"Qn(1/Z), are the polynomials satisfying the Szegé orthogonality
Mw™ S, (w)] =0, 0<s<n-—1.

Here, if one also assumes that A, > 0, n > 0, then the moment functional can be called a strong
positive definite moment functional and it is well known that there exists a distribution function
(), defined in [0, 27], such that

2
o, = Mw"| = /w"dw(w) = / e dip(e?), n=0,41,42,...,
C 0

In this case, for information about the polynomials S,,, simply known as Szegd polynomials, we
cite the classical book [8] of Szegd and the recent book [7] of Simon.

In class 1B, which we may call the modified Szeg6 type class, the reversed polynomials
Sn(z) = Qn(2) = 2"Qn(1/2) are the polynomials satisfying the Szegé orthogonality

Mw™ S, (w)] =0, 0<s<n-—1.

When dealing real moments, hence with real polynomials, both classes 1A and 1B coincide.

In the definition of class 2, which we may call the para-orthogonal class, it is not necessary
to write down the term A%_l) # 0 as it terns out A;_l) = (=1)"*1A,, for n > 0. In this case,
the polynomials @, (z) are the para-orthogonal polynomials, [S,(z) + Sa(2)]/[Sn(0) + S5 (0)] or
[Sn(2) = Sp(2)]/1Sn(0) — Sn(0)], of some polynomials S,, satisfying the Szeg6 orthogonality with
respect to another strong quasi-definite moment functional, say /. The moment functional N
is of class 1B.

We can also characterize all three classes in terms of the coefficients of the three term
recurrence relation.



e Class 1A: B1Be - B> = —2—, n>1;
Bn — ant1

e Class 1B: (318 Ba]? = L, n>1;
/8 — Op41

e Class 2: On=1 n>1

Moreover, the moment functional belonging to class 1A is a strong positive definite moment
functional only if apt1/6, >0, n > 1.

3 L-orthogonal polynomials from hypergeometric functions

Let c—b#0,—1,—2,.... Then from the contiguous relation (1),

oFi(a+1,-b+1;c—b+1;2)
2F1(a, —b+1;¢ —b;2)

1

1+a+bz— (a+1)c 22F1(a+2,—b+1;c—b+2;z)‘
c—b (c=b)(c—=b+1) oFi(a+1,-b+1;c—b+1;2)

oFi(a+n+1,-b+1lc—b+n+1;z)
oF1(a+n,—b+1;¢—b+n;2)

Hence, if we write R;a’b’c)(z) = ,n=0,1,2,..., then

R(a’b’c)(z) _ 1 ‘_ faz ‘_”._ fn-12 ‘_ Inz ‘
0 ‘ 1+ g1z ‘ 14 g9z ‘ 1+ 9gn-12 ‘ 14+ gn2z — fn+1ZR7(1a7byc)(Z) ’
where
_atbin-1l . (a+m)ctn—1) >1
-1 T k- De—brm "

If we restrict ourselves to the case in which a = 0, then

R(()O’b’c)(z) = oFi(1,-b+1;¢c—b+1;2)

_ 1 ‘_ faz ‘ ) fn—12 ‘ fnz ‘
(1+g1z [1+ge2 REEY Y \1+%ﬂ—ﬁHﬂR@“R)
where . ) ( 0
+n— n(c+n —
- = o>l
g c—b+n-—1 Jn1 (c—=b+n—1)(c—b+n) "

Equivalently, we can also write

0 b,c) 1 i InZ
S el _z+mﬂMMR“%me
| e | |
C[TEAET [T [ B = BP0 (2) B
T a1 M T G Grn-Dw "0

provided that b £ 0,—1,-2,....
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From the theory of continued fractions (see [3], [5]) the rational functions

P.(z) I a2 | anz
= - —o , on>1,
Qu(z) | 2+B1 |2+p z+ B
are such that
Pn+1(z) = (Z + BnJrl)Pn(Z) - an+1ZPn71(Z)a > 1
n )

Qn+1(2) = (2 + Bnt1)Qn(2) — ant12Qn-1(2),
with Py(z) = 0, Qo(z) = 1, Pi(2) = 1 and Q1(2) = z + (1. Hence, there exist Lo(z) =
>0 —p—j—127 and Log(2) = Y50, uj—1277, with po = 1, such that

_ B(?) _ HoQ2Qngl g n+1
LO(Z) Qn(z) ﬁ% T 6%571-&-1 i O(Z )’

Pu(2) n > 1.
z e
Loo(z) — " = lpQ2 - Q12 " T4+ O((l/z)n'”)’
Moreover, there exists a strong quasi-definite moment functional M such that M[w"] = py,,
n=0,+1,4£2,... and
|
Mw™"T5Q, (w)] = M&%s, 0<s<n-—-1, n>1.

(0)n(b+1)n

Again from the theory of continued fractions we can identify that
e .
Lo(2) = Z —p_jo12 = B e (1, —b+ ;e — b4 1;2)
j=0

and thus p_; = (=b);/(c — b);.
We now use the contiguous relation (2) to obtain an explicit expression for the above deno-
minator polynomials @,. With a = —n and z replaced by 1 — z, we have
b _
+ L b+n
c+n c+n

2oF1(—=(n+1),b;¢;1 - 2) :( )2F1(—n,b;c;1—z)

= nZQF]_(—(n —-1),b;¢;1—2), n>1.
-b
Since 9 F1(0,b;¢;1 — z) = 1 and ggFl(—(n —1),be51—2) =2+ CT, by comparing the three

term recurrence relations,

Qn(z) = EICJ;:LL2F1(_n’ b;e;1—2), n>0.

We easily note that the moment functional is of class 2ifc—b+n—-1=b+n—-1,n > 1,
which is equivalent to ¢ = 2b.
Now, the moment functional is of class 1B if

_ 2 _ _
[(c= b)) _ (c—b+n 1)(b+n)’ n>1
[(0)n]? (c=b—1)b
which leads to ¢ = 2b+ 1.
Finally, the moment functional is of class 1A if
l(c=b)n*>  (c—b+n—1)(b+n) .
[N (c=b-1p ' 7
This is true if ¢ = 29Re(b) + 1. It turns out in this case,
nt1  n(n+ 2Re(b))
Bn  |b+nf?

and thus the associated moment functional is a strong positive definite moment functional.

i

>0, n>1,
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