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Abstract: In this work we propose an outcome space approach for globally solving general-
ized concave multiplicative problems, a special class of nonconvex problems which involves the
maximization of a finite sum of products of concave functions over a nonempty compact convex
set. It is shown that this nonconvex maximization problem can be reformulated as an indefinite
quadratic problem with infinitely many linear inequality constraints. A relaxation-constraint
enumeration algorithm is used to solve such indefinite quadratic programming problem. A com-
putational experience is reported.
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1 Introduction

This paper is concerned with the problem of maximizing an arbitrary finite sum of products of
two concave functions over a compact convex set, a problem originally proposed in Benson [1].
Consider the multiplicative programming problem

max
x∈Ω

v(x) = max
x∈Ω

f1(x) +

p∑
i=1

f2i(x)f2i+1(x), (1.1)

where fi : Rn → R, i = 1, 2, ...,m, m = 2p + 1, are concave functions defined on Rn. It is also
assumed that

Ω = {x ∈ Rn : gj(x) ≤ 0, j = 1, 2, ..., r},

is a nonempty compact convex set and that f1, f2, ..., fm are positive functions over Ω. Although
the product of any two concave positive functions is quasiconcave, the sum of quasiconcave
functions is not quasiconcave, in general. Therefore, problem (1.1) may have local optimal
solutions that are not global optimal solutions. Important problems in engineering, financial
optimization and economics, among others, rely on mathematical optimization problems of the
form (1.1). See [1] for a detailed discussion about (1.1).

A rectangular branch-and-bound algorithm for globally solving problem (1.1) is proposed in
[1]. After obtaining an equivalent optimization problem in the outcome space – see Section 2 –
an optimal solution of (1.1) is found by solving a sequence of convex subproblems generated in
the context of a branch-and-bound process.

In [8] the authors address the closely related problem of minimizing the same objective
function in (1.1), but with fi : Rn → R, i = 1, 2, ..., 2p+ 1, convex, rather than concave positive
functions over Ω. The minimization problem is
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min
x∈Ω

v(x) = min
x∈Ω

f1(x) +

p∑
i=1

f2i(x)f2i+1(x), (1.2)

where fi : Rn → R, i = 1, 2, ...,m are convex positive functions over the convex set Ω.
In [4] problem (1.2) is projected in the outcome space, where the problem has only m vari-

ables, and then solved by an outer approximation algorithm. In Oliveira and Ferreira [8], problem
(1.2) is projected in the outcome space following the ideas introduced in [7], reformulated as an
indefinite quadratic problem with infinitely many linear inequality constraints, and then solved
by an efficient relaxation-constraint enumeration algorithm.

It should be noted that problems (1.1) and (1.2) are not equivalent in the sense that from an
optimal solution of one of them, an optimal solution of the other is readily available. However,
the same principles used in [8] for the minimization problem (1.2) can be applied, with the
necessary modifications, to globally solve the maximization problem (1.1).

The paper is organized in five sections. In Section 2, the problem is reformulated in the out-
come space as an indefinite quadratic problem with infinitely many linear inequality constraints.
Section 3 is devoted to the outline of an outer approximation scheme for solving the problem in
the outcome space. In section 4 some computational experiences with the method described in
Section 3 are reported. Conclusions are presented in Section 5.

Notation. The set of all n-dimensional real vectors is represented as Rn. The sets of all
nonnegative and positive real vectors are denoted as Rn

+ and Rn
++, respectively. Inequalities are

meant to be componentwise: given x, y ∈ Rn
+, then x ≥ y (x − y ∈ Rn) implies xi ≥ yi, i =

1, 2, ..., n. Accordingly, x > y (x − y ∈ Rn
++) implies xi > yi, i = 1, 2, ..., n. The standard inner

product in Rn is denoted as 〈x, y〉. If f : Rn → Rm is defined on Ω, then f(Ω) := {f(x) : x ∈ Ω}.
The symbol := means equal by definition.

2 Outcome Space Formulation

The objective function in (1.1) can be written as the composition u(f(x)), where u : Rm → R,
m = 2p+ 1, is defined by

u(y) := y1 +

p∑
i=1

y2iy2i+1.

The function u can be viewed as a particular aggregating function for the problem of max-
imizing the vector-valued objective f := (f1, f2, ..., fm) over Ω [10]. The image of Ω under
f ,

Y := f(Ω), (2.1)

is the outcome space associated with problem (1.1). Since f is positive over Ω, it follows that
u is strictly increasing over Y and any optimal solution of (1.1) is Pareto-optimal or efficient
[10]. It is known from the multiobjective programming literature that if x ∈ Ω is an efficient
solution of (1.1), then there exists w ∈ Rm

+ such that x is also an optimal solution of the concave
programming problem

max
x∈Ω

〈w, f(x)〉. (2.2)

Conversely, if x(w) is any optimal solution of (2.2), then x(w) is efficient for (1.1) if w ∈ Rm
++.

By defining

W :=
{
w ∈ Rm

+ :

m∑
i=1

wi = 1
}
,

the efficient set of (1.1), denoted as effi(Ω), can be completely generated by solving (2.2) over
W.
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The outcome space formulation of problem (1.1) is simply

max
y∈Y

u(y) = max
y∈Y

y1 +

p∑
i=1

y2iy2i+1. (2.3)

The solution approaches which aim at solving problem (1.1) by solving its equivalent problem
(2.3) in the outcome space basically differ in the way of representing the (generally) nonconvex
set Y. In [8] a suitable representation is derived with basis on the following convex analysis
result. See [5] for a proof.

Lemma 2.1. Given y ∈ Rm, the inequality f(x) ≥ y has a solution x ∈ Ω if and only if y
satisfies

〈w, y〉 ≤ max
x∈Ω
〈w, f(x)〉 for all w ∈ W,

or, equivalently,
max
x∈Ω

〈w, f(x)− y〉 ≥ 0 for all w ∈ W. (2.4)

The main theoretical result of this paper consists in showing that problem (2.3) admits an
equivalent formulation with a convex feasible region.

Theorem 2.2. Let y? be an optimal solution of problem∣∣∣∣∣∣
maximize u(y) = y1 +

∑p
i=1 y2iy2i+1,

subject to y ∈ F ,
(2.5)

where
F :=

{
y ≤ y ≤ y : 〈w, y〉 ≤ max

x∈Ω
〈w, f(x)〉 for all w ∈ W

}
,

and
y
i

:= min
x∈Ω

fi(x) > 0, yi := max
x∈Ω

fi(x), i = 1, 2, ...,m.

Then y? is also an optimal solution of (2.3). Conversely, if y? solves (2.3), then y? also solves
(2.5).

Proof. Since for any x ∈ Ω, y = f(x) is feasible for (2.5), the feasible set of (2.5) contains the
feasible set of (2.3). Therefore, the optimal value of (2.5) is a upper bound for the optimal value
of (2.3). If y? solves (2.5), then

max
x∈Ω
〈w, f(x)− y〉 ≥ 0, for all w ∈ W,

and by Lemma 2.1 there exists x? ∈ Ω such that f(x?) ≥ y?. Actually, f(x?) = y?. Otherwise,
the feasibility of f(x?) for (2.5) and the positivity of u over F would contradict the optimality
of y?. Since f(x?) is feasible for (2.3), we conclude that y? also solves (2.3). The converse
statement is proved by using similar arguments. �

2.1 Relaxation Procedure

Problem (2.5) has a small number of variables, m, but infinitely many linear inequality con-
straints. An adequate approach for solving (2.5) is relaxation. The relaxation algorithm evolves
by determining yk, a global maximizer of u over an outer approximation Fk of F described
by a subset of the inequality constraints (2.4), and then appending to Fk only the inequality
constraint most violated by yk. The most violated constraint is found by computing

θ(y) := min
w∈W

φy(w), (2.6)
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where
φy(w) := max

x∈Ω
〈w, f(x)− y〉. (2.7)

Minimax problems as the one described by (2.6) and (2.7) arise frequently in optimization,
engineering design, optimal control, microeconomic and game theory, among other areas.

Lemma 2.3. y ∈ Rm satisfies the inequality system (2.4) if and only if θ(y) ≥ 0.

Proof. If y ∈ Rm satisfies the inequality system (2.4), then maxx∈Ω 〈w, f(x) − y〉 ≥ 0 for all
w ∈ W, implying that θ(y) ≥ 0. Conversely, if y ∈ Rm does not satisfy the inequality system
(2.4), then maxx∈Ω 〈w, f(x)− y〉 < 0 for some w ∈ W, implying that θ(y) < 0. �

Theorem 2.4. For any y ∈ Rm, the value θ(y) is the optimal value of the following convex
programming problem

∣∣∣∣∣∣
minimize σ
subject to f(x) ≥ σe+ y

x ∈ Ω.
(2.8)

Proof. The proof is essentially the same as that of Theorem 2 in [8].

If x? and w? are the primal and dual optimal solutions of problem (2.8), and w? ∈ Rm
++,

then the inequality constraint in (2.8) is active at x?. The case θ(y) < 0 is more relevant for
the analysis because the relaxation algorithm generates a sequence of infeasible points y /∈ F
converging to an optimal solution of (2.5). In this case θ(y) is numerically equal to the infinity
norm between y and F . Some other useful properties of θ and φ are listed in the theorem below.
The proofs are similar to those presented in [7] and [8] for problems of the form (1.2).

Theorem 2.5. Let θ and φy be defined by (2.6) and (2.7), respectively. Then
i) Given y ∈ Rm, the function φy is convex on W;
ii) f(x(w))− y is a subgradient of φy at w ∈ W;
iii) The function θ is concave on Rm.

Geometrically, f(x(w)) − y is a subgradient of φy at w ∈ W if the graph of φy lies on (or
above) the graph of the hyperplane φy(w0) + 〈f(x(w0)) − y, w − w0〉. This hyperplane is a
supporting hyperplane to the epigraph of φy. Thus, the existence of a subgradient is equivalent
to the existence of a nonvertical supporting hyperplane to the epigraph of φy, which enables us
to build up piecewise linear approximations for φy. A l-th approximation for φy would be

φly = max
1≤i≤l

{
〈w, f(x(wi))− y〉

}
. (2.9)

Instead of the convex minimization in (2.6), we consider the problem of minimizing φly over
W, which in turn can be posed as a linear programming problem. Specifically, for some fixed l
and wl ∈ W, we find x(wl) by solving the concave programming problem (2.2), and then obtain
σl+1 and wl+1 as the optimal value and an optimal solution of the linear programming problem

∣∣∣∣∣∣
minimize σ
subject to σ ≥ 〈w, f(x(wi))− y〉, i = 1, 2, ..., l,

w ∈ W, σ ∈ R.
(2.10)

The above procedure is repeated until the difference φ(wl) − σl is less than a prescribed
tolerance, when θ(y) := σl is then set.
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3 Relaxation-Constraint Enumeration Algorithm

Consider the initial polytope

F0 :=
{
y ∈ Rm : 0 < y ≤ y ≤ y

}
, (3.1)

where y and y, defined in (2.2), demand m concave minimizations and m concave maximiza-
tions, respectively. The later are concave programming problems, but the former, the concave
minimizations, are not. In practice we can replace y by an arbitrarily small positive vector.

From the definition of y it is readily seen that the maximum of u over F0 is achieved at
y0 = y. The utopian point y0 rarely satisfies the inequality system (2.4), that is, θ(y0) < 0,
in general. By denoting as w0 ∈ W the corresponding optimal minimizer in (2.6), we conclude
that y0 is not in (most violates) the supporting negative half-space

H0
− =

{
y ∈ Rm : 〈w0, y〉 ≤ 〈w0, f(x(w0))〉

}
. (3.2)

An improved outer approximation for F is F1 = H0
− ∩F0. If y1 which maximizes u over F1

is also such that θ(y1) < 0, then a new supporting negative half-space H1
− is determined, the

feasible region of (2.5) is better approximated by F2 = F1 ∩H1
−, and the process repeated. At

an arbitrary iteration k of the algorithm, the following relaxed program is solved:

max
y∈Fk

u(y) (3.3)

3.1 Solving (3.3) by Constraint Enumeration

Problem (3.3) is actually a linearly constrained quadratic problem of the form∣∣∣∣∣∣
maximize u(y) = y1 +

∑p
i=1 y2iy2i+1

subject to A(k)y ≤ b(k),
y ≤ y ≤ y,

(3.4)

where A(k) ∈ Rk×m, b(k) ∈ Rk, y ∈ Rm and y ∈ Rm characterize the matrix representation of
problem (3.3). The objective function in (3.4) can be rewritten as

u(y) =
1

2
yTQy + cT y, (3.5)

where

Q =



0 0 0 · · · 0 0
0 0 1 · · · 0 0
0 1 0 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · 0 1
0 0 0 · · · 1 0


(2p+1)×(2p+1)

, cT :=
(

1 0 0 . . . 0 0
)
.

The characteristic equation of Q,

det(λI −Q) = λ (λ2 − 1) · · · (λ2 − 1)︸ ︷︷ ︸
p times

= 0,

has exactly p negative roots (eigenvalues) equal to −1, p positive roots equal to 1, and one
root equal to zero. This clearly implies the indefiniteness of Q, that is, (3.4) is an indefinite
quadratic programming problem. However, the characteristics of (3.4) favour the application of
the constraint enumeration method discussed in details in [2] and [3]. Since Q has p positive
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eigenvalues, it follows that at least p constraints will be active at any local (global) solution
of (3.4) [2]. An optimal solution of (3.4) occurs at the boundary of Fk and can be found by
constraint enumeration [3].

The infinite and finite convergence properties of the overall Algorithm A1 below are analo-
gous to those exhibited by the algorithm in [8].

Algorithm A1

Step 0: Find F0 and set k = 0;

Step 1: Solve the generalized concave problem maxy∈Fk
1
2y

TQy + cT y, obtaining yk;

Step 2: Find θ(yk) by solving the minimax subproblem (2.6) – (2.7). If θ(yk) > −ε, where ε > 0
is a small tolerance, stop: yk and x(wk) are ε-optimal solutions of (2.5) and (1.1), respectively.
Otherwise, define

Fk+1 :=
{
y ∈ Fk : 〈wk, y〉 ≤ 〈wk, f(x(wk))〉

}
,

set k := k + 1 and return to Step 1.

4 Computational Experience

We consider the illustrative problem discussed in [1], where the first algorithm for solving prob-
lems of the form (1.1) is proposed. The problem is∣∣∣∣∣∣∣∣∣∣∣∣∣∣

maximize v(x) = (x1 − x2 + 4) + (5− 0.25x2
1)(0.125x2 + 1)

+(0.25x1 + 1)(4− 0.125x2
2),

subject to 5x1 − 8x2 ≥ −24,
5x1 + 8x2 ≤ 44,
6x1 − 3x2 ≤ 15,
4x1 + 5x2 ≥ 10,
x1 ≥ 0,

(4.1)

It can be seen that f1, f2, f3, f4 and f5 are positive over feasible region Ω. The lower and
upper bounds on y are y = (1, 1, 1, 1, 1.7422) and y = (6.5, 5, 1.5312, 2, 4), respectively.

Algorithm A1 was coded in MATLAB (V. 7.0.1)/Optimization Toolbox (V. 4)[6] and runs
on a personal Pentium IV system, 2.00 GHz, 2048MB RAM. The tolerance for convergence was
fixed at ε = 10−6. The convergence of Algorithm A1 is reported in Table 1.

Table 1: Convergence of Algorithm A1

k yk wk x(wk) θ(yk)

0 (6.5000,5.0000,1.5312,2.0000,4.0000) (0.3530,0.6470,0.0000,0.0000,0.0000) (1.9647,0.4282) -0.9645
1 (6.5000,3.5092,1.5312,2.0000,4.0000) (0.1024,0.0746,0.8230,0.0000,0.0000) (2.7676,0.5697) -0.4412
2 (6.4359,3.5442,1.0000,2.0000,4.0000) (0.0000,0.1574,0.0000,0.8426,0.0000) (2.6641,0.3750) -0.3316
3 (6.5000,3.1215,1.0303,1.6855,4.0000) (0.2000,0.0000,0.0000,0.8000,0.0000) (4.0000,3.0000) -0.0484
4 (6.5000,3.4452,1.0010,1.6250,4.0000) (0.4094,0.5906,0.0000,0.0000,0.0000) (2.4916,0.0067) -0.0045
5 (6.4962,3.4401,1.0019,1.6259,4.0000) (0.1020,0.0817,0.8163,0.0000,0.0000) (2.4995,1.9395) -0.0014
6 (6.4962,3.4401,1.0002,1.6259,4.0000) (0.0000,0.1673,0.0000,0.8327,0.0000) (2.4785,0.0619) -0.0012
7 (6.5000,3.4375,1.0000,1.6250,4.0000) (0.4095,0.5905,0.0000,0.0000,0.0000) (2.4915,0.0068) -2.6788e-006
8 (6.5000,3.4375,1.0000,1.6250,4.0000) (0.0000,0.1668,0.0000,0.8332,0.0000) (2.5000,0.0000) -7.6611e-007

The algorithm A1 converged in 33.9 seconds after only nine iterations to the global optimal
solution x? = (2.5, 0.0), the same found in [1] with a tolerance ε = 0.05, after 67 iterations, in
an unspecified CPU time.
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5 Conclusion

In this work we proposed a global optimization approach for generalized concave multiplicative
programs. By using convex analysis results the problem was reformulated in the outcome space
as an indefinite quadratic problem with infinitely many linear inequality constraints, and then
solved through a relaxation technique.

Experimental results have attested the viability and efficiency of the proposed global op-
timization algorithm, which is, in addition, easily programmed through standard optimization
packages. The authors currently investigate extensions of the approach proposed to other classes
of multiplicative and fractional programming problems.
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